
S O M E  G E N E R A L I Z A T I O N S  

S P H E R I C A L  V O R T I C E S  

OF T H E  P R O B L E M  O F  

Y u .  V. M a r t y n o v  UDC533.6.011 

A genera l i za t ion  of Hi l l ' s  solut ion [2], in which the veloci ty  field is e s sen t i a l ly  t h r ee -d imens iona l  with 
re ten t ion  of cyl indr ica l  s y m m e t r y  and the potent ia l i ty  of the externa l  s t r e a m l i n e  flow~ is given in [1]. 

In the p r e s e n t  r e p o r t  a vor tex  fo rma t ion  is cons t ruc ted  cons is t ing  of t h r ee -d imens iona l  vor tex  flow in 
the gaps between concent r ic  s phe re s  of a r b i t r a r y  radi i  and in the inner sphe re  for  d i f ferent  dependences of the 
Bernoull i  in tegra l  and the c i r cu la t ion  on the s t r e a m  function (according to [3], these  functions depend only on 
the s t r e a m  function}. 

Without a l imi ta t ion  of genera l i ty ,  le t  us cons ide r  vor tex  format ions  cons is t ing  of two flows: one in the 
gap between concent r ic  s p h e r e s w i t h  radi i  a and a 0 (a > a 0) and the other  in the inner s p h e r e  (the f i r s t  flow will  
be cal led the outer  vor tex  and the second,  the inner "cortex), moving with a constant  veloci ty  u in a fluid qui-  

escent  at infiniW. 

In sphe r i ca l  coord ina tes  the d imens ion les s  s t r e a m  function r d) of flow by a potent ial  s t r e a m  over  a 
sphe re  has  the f o r m  [4] 

~'0(fl, ~) = (U2)9~( t - -  I/P 3) sin' ~. 

He re  and l a t e r  all  the quant i t ies  a r e  reduced  to d imens ion le s s  f o r m  (using the sca l e  u, a). 

Let  us cons ide r  the vor tex  flow within concent r ic  sphe re s  with the c i rcu la t ion  F(r and the Bernoull i  

in tegra l  F(r in the f o r m  

o , (1) .E(~i)=:--F(r F(~):=A i ~ - A i ~ O ,  F ( ~ ) = k t %  A ~  

The cons tant  k i is connected with  Ai; this  connect ion is d i scussed  below. 

With al lowance for  (1) the equations and boundary conditions for  the s t r e a m  function in a spher ica l  co -  
ordinate  s y s t e m  r ig id ly  connected with the vor tex  fo rma t ion  have the f o r m  [3] 

sin ~ 0 t O~ ) --' k~i-'--Aif sin 2 ff O. 0'~ + 0* - ~  (si--h--~ ~5- ' = 

t 0r l o ,  
v ~  p2sin0 O~' V O = -  psin~-~- '  v~ps in0:=F(~) ,  (2) 

(p~, ~) = 0, , ( p .  ~) = 0, 

0*~ t 0 " - t  I = g,_, sin~ 0, 

w h e r e  r ~) is the s t r e a m  function for  the ex te rna l  s ) r e a m l i n e  flow. The boundary conditions cons is t  of the 
conditions of nonpenet ra t ion  at  the su r f aces  p = p[ and p = Pi and equali ty of the axial  veloci ty  at the su r face  

! P = Pi" Equali ty of the az imuthal  and rad ia l  ve loc i t ies  is au tomat ica l ly  sat isf ied.  Hence,  for  the vor tex flow in 

the gap between the sphe re s  (i = 1) we have  

( ~o) 3 
p ~ = l ,  P1:=90 Po~--~ , g 0 ~ T "  

The solut ion of the p r o b l e m  (2) is sought in the f o r m  $(p, ~) = f(p) sin20, and then the expres s ion  for the s t r e a m  

function of the outer  vor tex  h~s the f o r m  

k2 J--3/2 (kiP~ J--3/2 (kl) - -  J - 3 / 2  (kl) J3/2 (k~p0) 
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i k J - ~ / 2  (kl) -~ 2J_3,a(ki) [/~1]1/9 (kl) - -  j3/2 (kl ~ 3 J3"2 • (~ J~,2Ik~) - -~(~ - 2  . (3) 

Let us cons ider  the flow in the inner sphere  (i = 2); then 

,o'_, = P0, P~ = 0, 

A1 { p~/2.T3/2 (lt~.) -- ]3/2 (kiP~ 
{1 = ~ " [J--3/2 (klpo) J3/2 (kl) -- J--3/2 (kl) J3/2 (klPo)] ]/-P X 

X i[klpoJ_3/2 (klpo) -}- 2J-3,2 (klpo)l 
J--312 (kl) 

k 3.3/2 (kl) [kiP~ (kl!)~ --  

- :3,.~ (~'.o)l + k ,p , : , :2  (k,~o) - :3:2 <k,~0~ _ 2,00} = ~ / (k:), 
V po: 3:2 (k~) 

,42 ),-P [ 3/9 p3/2] shl2@, (4) r (,0' ~) = a 1.,0~ "%2~3,,,(k,~)(k,) 
J 

pg/2 [k.po]lj " } '  (k~p.)(_k~po.__) --J3<2 (k~po)I } ~k~A~ . . . .  

F r o m  Eqs. (4) it is seen  that the same functions F($) and F(r in the two vor t ices  a re  possible  only when 
f(k)g(k) = 1. As 00 --  0, Eqs. (3) change into the express ions  obtained in [1]. 

A numer ica l  calculat ion of the flow within the vor tex format ion  under cons idera t ion  was ca r r i ed  out on 
the basis  of (3) and (4). 

The s t r eaml ines  for equally spaced values of r a re  plotted in Fig. 1 for the case  of k 1 = k 2 = 1 and a0 = 
0.5. The l a rges t  absolute values of the s t r e a m  function in the inner and outer  vor t ices  a re  reached  at the 
points (0.25, ,~/2) and (0.62, n / 2 ) ,  respec t ive ly .  These  a re  not c r i t i ca l  points,  s ince the azimuthal velocity 
components  a re  d i f ferent  f rom zero .  

The dis t r ibut ion of the azimuthal  velocity component is given in Fig. 2. The l a rges t  absolute value of 
v~ is r eached  at the points (0.05, ,~/2) and (0.62, ,7/2) for  the inner and outer  vor t ices ,  respect ive ly :  

'F : ~m~x i = 1.69 and i~r I == 0.3. 

Taking A 2 --0 in Eqs. (4), we obtain 

r (O, ~) =- ~ V " ~ ] ~ / ~  (~p) l<~p-~ ~ ~ o 
[~..,0]~/2(~p0) - ~/g~,o0) I' (5) 

where  k 2 a r e  the posi t ive roots  of the equation J3/2(k2P0) = 0. Thus,  a vor tex format ion is cons t ructed  in which 
the flow in the outer  vortex is desc r ibed  by Eq. (3), while in the inner vor tex the re  is uniform hel ical  flow. 
If k 2 = u m  iS the m- th  posi t ive root  of the equation J3/2(k2P0) = 0, then the inner vor tex divides into m isolated 
vor t ices  which lie in the gaps betwee~ concent r ic  spheres  with radi i  Pi = u i /urn ,  while the functions F(~) and 
F(~) a re  the same in all the vor t ices .  F r o m  Eq. (3) it is seen that the flow in the outer  vor tex is uniform hel i -  
cal flow when A~ = 0. Then the s t r e a m  function has the fo rm 

(p, 0) .... [ I_3/2.ra;~ (~'~)(k~) Y,~,2 (k~p) -) J_3:2 (kd)) go x 

}-' 
X {2J-.3:2, (/q) -~- k~J-5;2 (k~) J-3.'2J'3/2 (k~)(k') [k~Ji/2 (k~) - -  ]3,,'2 (k~)] V-p sin ~" O, (6) 

where  k~ is the m- th  posi t ive root  of the t ranscendenta l  equation 

~+~,~(k,V-~,~(~m,,) - 1_~,:(kd~ :(k,po) ~: 0. 

Now if g~ in Eq. (5) is rep laced  by 

g~_ "= { 2J3t2 (k~po) ~- kl poJ-5/2 (k~pa) I - - 3 / 2  (kt) [k~p0J~/2 (klP0) -- 2"3/2 (kiP0)] I Poi/2 {2j_3 2 (k~) + I3/2 (k~) 

J--3/2 (k~) }--I 
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then we cons t ruc t  a vor tex  fo rma t ion  for  which t he r e  is un i fo rm hel ical  flow desc r ibed  by Eqs. (6) and the mod-  
if ied Eq. (5) in the outer  and inner vor t i ces .  

The ca se  of ki = 0 c o r r e s p o n d s  to two-d imens iona l  flow in the vo r t i ce s ,  i .e . ,  the az imuthal  veloci ty  c o m -  
ponent  is  absent.  We w r i t e  the  solut ions of the  p r o b l e m  (3) wi th  k i = 0 for the inner  and outer  vo r t i ce s ,  r e -  
spec t ive ly ,  as 

(P, ~))= ~ [P' - -  P~P~] sin~ ~}; (7) 

[( 0~(0~- t )  ] 

If we r ep l ace  gl by g2 or  by 

g~ = ~0 ~ -%~ - 2 [2 (t  - ~ )  90 - (p~ - l) p0 + (d  + ~) 4~1 

in Eq. (7), then the outer  vor tex  is ass igned  by Eq. (6) or  (8) while the inner  vor tex  is ass igned  by the modified 
Eq. (7). Replacing gl byg3 in Eqs.  (4), we obtain two-d imens iona l  vor tex  flow in the outer  vor tex  and t h r e e -  
d imens iona l  vor t ex  flow or  un i fo rm hel ical  flow, r e spec t ive ly ,  in the inner  vor tex .  

The p r o b l e m  of the potent ial  flow over  a vor tex  fo rma t ion  cons is t ing  of m vor t i ces  lying in tim gaps be -  
tween  concent r ic  s p h e r e s  of a r b i t r a r y  rad i i  with d is t r ibut ion  functions in the f o r m  (1) in each  vor tex  can  be 
solved analogously.  If the functions a r e  ass igned  in t he  f o r m  (1), then one can  be confined to the r equ i r emen t  
that  the s t r e a m  functions at the s u r f a c e s  of the concent r ic  sphe re s  be  cons tan ts ,  with the exception of the outer  
sphe re ,  and then the  az imuthal  ve loc i t ies  a t  these  su r f ace s  will  d i f fer  f r o m  ze ro  and k i = k. 

The author  thanks Yu. S. Ryazan t sev  and Yu. P. Gupalo for  valuable  commen t s  and a d i scuss ion  of the 

work.  
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